Abstract. We reveal some geometric properties of energy minimal diffeomorphisms defined on an annulus, whose existence was established in works by Kalaj (2014) .
Introduction
Harmonic mappings between planar regions are generalizations of conformal mappings that satisfy the less restrictive Laplace equation in place of the CauchyRiemann equations. They possess some striking peculiarities, such as retaining an area-contraction property [18] while not necessarily decreasing either Euclidean or hyperbolic distances [7] .
Energy minimal diffeomorphisms, which minimize the Dirichlet energy integral In the case where the domain D from (2) is simply-connected, the energy minimal diffeomorphisms are conformal mappings [13, pages 668-669] . If D is the unit disk D, and if the target region Ω is convex, then the conformal image of every disk in D is also convex (see, e.g., [4, proof of Theorem 2.11] or [21] ). This hereditary property, however, need not be present in harmonic mappings (see, e.g., [2, Example 5.5] or [5, pages 46-48] ), which is due to the phenomenon that unidirectional convexity is not a hereditary property of conformal mappings (see, e.g., [2, Theorem 5.3] , [6] , [8] ). Hence hereditary convexity is not a generic attribute of harmonic mappings.
In the special case where D = Ω = D, the energy minimal diffeomorphisms are Möbius transformations, and thus the conformal image of every disk in D is again a disk. Once again, however, harmonic mappings do not necessarily possess this hereditary property. It was shown in [1, Proposition 2] a harmonic mapping on a simply-connected domain that maps circles to ellipses has constant dilatation. The existence of harmonic self-mappings of D with non-constant dilatation was already 370 NGIN-TEE KOH established in [9, Theorem 4.2] . Hence harmonic self-mappings of D need not map a disk to another disk.
In the doubly-connected case where D is the annulus
and where Ω is a bounded doubly-connected region, an energy minimal diffeomorphism h : A ρ −→ Ω exists provided the conformal modulus of A ρ is not greater than that of Ω (see, e.g., [13 [16, Theorem 3.5] shows that h(T r ) is a strictly convex curve for each r ∈ (ρ, 1), where
The same conclusion holds for a wider class of harmonic mappings f that satisfy . There is a similar result when the boundary components of Ω are starlike Jordan curves [17] .
In this article, we will demonstrate among other things that if the boundary components of Ω are circles, then h(T r ) is a circle for each r ∈ (ρ, 1).
Main result
Let T denote the unit circle ∂D. The following result about energy minimal diffeomorphisms will be established. Remark 2.3. In the special case where Ω in Open Problem 2.2 is an annulus A σ for some σ > 0 (so that the boundary circles are concentric), it is known that the harmonic images h(T r ) of concentric circles need not be concentric circles (see, e.g., [10, page 170] and [16, page 234] ). However, if h is also an energy minimal diffeomorphism, then concentric circles are necessarily mapped to concentric circles [14, Theorem 1.5].
Harmonicity
The proof of Theorem 2.1 derives from certain arguments used in establishing the following lemma, which may be of independent interest. Its proof is deferred to Section 5.1. 
Boundary behavior
Let θ and φ denote polar angles. In this section, we study the boundary behavior of a harmonic mapping between an annulus A ρ and a doubly-connected region Ω bounded by two Jordan curves. We first recall a result from [16 Suppose f is a harmonic mapping of A ρ onto a doubly-connected region Ω bounded by two Jordan curves in the finite plane. By Fatou's Theorem (see, e.g., [11, 2nd corollary on page 38]), the radial limits lim r→1 f (re iθ ) and lim r→ρ f (re iφ ) of the bounded function f exist almost everywhere, and are contained in distinct boundary components of Ω since f is a homeomorphism (see, e.g., [19, page 11] ). It follows from Proposition 4.1 that f may be extended continuously to ∂A ρ outside a countable set W , and that each boundary point of Ω corresponds to a non-empty "pre-image" (with infinitely many points on a boundary line segment of Ω associated with a "pre-image" point in W from (c)). Hence W will be empty if Ω contains no line segment, in which case f has a continuous extension to ∂A ρ , and we have 
Derivatives in log-polar coordinates
Let h : A ρ onto −→ Ω be an energy minimal diffeomorphism, where Ω is a bounded doubly-connected region. It was shown in [13, Lemma 6 
The complex derivatives h z and hz in logarithmic polar coordinates are
Taking the real and imaginary parts of the expression in parentheses in (6) and comparing them with (4), and then writing
we obtain
, and
For each w, we may take a disk D in A ρ containing w such that x = Re f and y = Re g for some holomorphic functions f and g defined on D. In conjunction with (9), we may rewrite (8) locally as
where U + iV is a holomorphic function of w. In view of (10), this yields
from which we obtain
It follows from (5), (7), and (12) 
where a ∈ (0, 1) and b =
(1−ρ 2 a 2 ) log ρ < 0, are in H. However, the Hopf differentials of such h are given by
which is different from (4). (4) that conformality of h is characterized by the condition c = 0. Hence we restrict our attention to the case where c = 0. Observe that the principal value of
Proof of Lemma 3.1. It is clear from
is defined for z ∈ C \ (−∞, 1]. Recall that if s is an arc length parameter on h(T r ), then
If c < 0, then since
if c = 0, and it follows from (11) and (14) that the single-valued function
is harmonic, being locally the imaginary part of the holomorphic function U + iV . In view of (5), taking k =
establishes Lemma 3.1.
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Curvature considerations
We recall the variables U , V , s, u, v, and w from the previous section. The curvature of h(T r ) is given by
∂V ∂u from the Cauchy-Riemann equations and (15). Partial differentiation with respect to v yields ∂K ∂v
The harmonicity of V implies that the expressions ∂V ∂u , ∂V ∂v , and
∂v∂u all satisfy Laplace's equation. A lengthy calculation shows that
A change of variables. Suppose h : A ρ onto
−→ Ω is an energy minimal diffeomorphism, where Ω is a bounded doubly-connected region whose boundary components are circles. Since Ω is bounded by convex Jordan curves, it follows from [16, Theorem 3.5] that h(T r ) is strictly convex for r ∈ (ρ, 1). This means from (5) and (13) that
, which is a holomorphic function of
It follows from (19) that dZ dz = 0. Hence the mapping f (z) = Z of A ρ is locally univalent and non-zero.
Consider the logarithmic polar coordinates (−V, U ) in the Z-plane. The inequality (19) means that the pre-image under f of a ray defined by any fixed U is a curve that intersects each concentric circle T r exactly once, and non-tangentially. The disjoint union of all such pre-image curves of U = c, where c ∈ [0, 2π), contains A ρ .
Let l be an arc length parameter on a pre-image curve C of U = c, and let n denote a parameter that varies monotonically in a direction normal to C. Then (19) 
so V is monotone on C. Each curve C ∩ A ρ is mapped by f to a ray segment in the Z-plane whose endpoints have bounded non-zero polar distance from the origin. Hence there is a bounded non-degenerate annulus S centred at the origin containing the image R of A ρ in the Z-plane. In logarithmic polar-coordinates, there exist real numbers
Hence A is a function of the variables U and V in the Z-plane, as well as being a function of the variables u and v in the z-plane. With the aid of the Lamé coefficients ∂V ∂u and ∂V ∂v , we may write
and obtain, from (18), Related to (20) are two eigenvalue problems
and (24)
In view of (20) and (22), we make the following observations from two-dimensional Sturm-Liouville theory (see, e.g., [3, page 452 and page 455 footnote 1]) for the eigenvalue problem in (23):
• A is an eigenfunction that is not the first eigenfunction;
• A is associated with the eigenvalue λ = 0. Denoting the eigenvalues for the eigenvalue problem in (23) by If ν m = −1, then a solution to (27) is given by sech V , which is non-zero for all V ∈ R. We deduce from the Sturm separation theorem (see, e.g., [12, page 224] ) that any solution to (27) when ν k,n = −1 will have at most one zero on R and violate (28). By Sturm-Liouville theory (see, e.g., [3, In view of (26), (29), and (30), this yields λ 2 > μ 2 = ν 1 + 1 > 0, a contradiction to (25) that can be traced back to assumption (21) . This proves Theorem 2.1.
